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Abstract
We obtain sharp estimates for p-adic oscillatory integrals of the form
EA(z,f ) =
∫
A
ψ
(
l∑
j=1
zj fj (x)
)
|dx|,
where ψ is a nontrivial additive character on a non-archimedean local field K of arbitrary characteristic,
and f = (f1, . . . , fl) :A → Kl is a quasi-homogeneous polynomial mapping defined on a compact subset
A ⊆ Kn. We prove that if l  n, then EA(z,f ) =O(‖z‖−αK ), α > 0, as ‖z‖K → ∞, and give an explicit
expression for α. If l = 1, our estimation agrees with the one obtained by using Igusa’s theory. If A = Rn
K
,
where RK is the ring of integers of K , and each fj has coefficients in RK , then EA(z,f ) becomes a
Gaussian sum depending on several parameters. The estimation of this type of oscillatory integrals occurs
in the circle method and in some p-adic quantum models.
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Let f = (f1, . . . , fl) :A → Qlp be an analytic mapping in the variables x = (x1, . . . , xn) de-
fined on a compact subset A ⊂ Qnp . For z ∈ Qlp , we consider the oscillatory integral
EA(z,f ) =
∫
A
ψ
([
z, f (x)
])|dx|,
where ψ is a nontrivial additive character on Qp , |dx| is the normalized Haar measure on Qnp ,
and [z, f (x)] :=∑j zjfj (x). We will call such integral a multiparametric oscillatory integral. If
A = Znp , and each fi is a polynomial with coefficients in Zp , then EA(z,f ) is a multiparametric
Gaussian sum. Set ‖z‖p := maxi (|zi |p), for z ∈ Qlp . Igusa proved, in the case l = 1, the existence
of a real number α > 0 such that
EA(z,f ) =O
(‖z‖−αp ) (1.1)
as ‖z‖p → ∞, and he posed the problem of generalizing this type of estimation to the case of
l > 1 (cf. [7, Theorem 8.4.2] and [6, p. 32]). Furthermore, Igusa was able to give explicitly α in
terms of the numerical data of an embedded resolution of f . By a very fine analysis of embed-
ded resolution of the divisor
⋃l
i=1 f
−1
i (0), Lichtin [10,11] was able to prove (1.1) for a dominant
polynomial mapping with l = 2, including an explicit expression for α in terms of the geometry
of f . At present, these proofs seem to be difficult to be generalized to the case of polynomial
mappings with l > 2. In the case l = 1, estimation (1.1) can be proven by elementary meth-
ods, see for instance the work of Chubarikov [2] and Loxton [12]. In [3] Cluckers by using [2]
derived (1.1), when f1, . . . , fl are polynomials, in a very short way. All these estimations are
general but not optimal (see Remark 3.8).
In this paper we give sharp estimates for oscillatory integrals of type EA(z,f ) in the case
in which f is a non-degenerate quasi-homogeneous polynomial mapping over non-archimedean
field of arbitrary characteristic (see Theorem 3.6). This type of mappings plays an important role
in the singularity theory [1]. The method used in this paper to obtain the estimates is based on
the non-archimedean principle of the stationary phase for mappings (see Theorem 2.2) jointly
with a description of the geometry of the critical set of a quasi-homogeneous polynomial map-
ping. For l = 1 our estimates agree with those obtained by using Igusa’s theory [6,7] (see also
Remark 3.7). Estimation of multiparametric oscillatory integrals occurs in the circle method and
in some p-adic quantum models [14, Chapters 2 and 6], [15].
2. Preliminaries
2.1. Notation
Let K be a non-archimedean local field of arbitrary characteristic. Let RK be the valuation
ring of K , PK the maximal ideal of RK , and K = RK/PK the residue field of K . The cardinality
of the residue field of K is denoted by q , thus K = Fq . For z ∈ K , v(z) ∈ Z ∪ {+∞} denotes the
valuation of z, |z|K = q−v(z). Fix an element π ∈ RK satisfying |π |K = q−1, and set ‖x‖K :=
max1il |xi |K , for x = (x1, . . . , xl) ∈ Kl . If h(x) ∈ RK [x] its reduction mod π is denoted as
h(x) ∈ Fq [x].
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(z1, . . . , zl) ∈ Kl , and A a compact subset of Kn. To these data one associates the following
oscillatory integral
EA(z, g) =
∫
A
Ψ
([
z, g(x)
])|dx|,
where Ψ (·) is an additive character of K trivial on RK but not on P−1K , [z, g(x)] =
∑l
i=1 zigi(x),
and |dx| is the Haar measure of Kn so normalized that vol(RnK) = 1. If A = RnK we use the
simplified notation E(z,g) instead of EA(z, g). We write
z =
(
y1
πm
, . . . ,
yl
πm
)
,
where m = maxi{−v(zi)}, thus yi ∈ RK , for i = 1, . . . , l, and at least one yi is a unit. If each
gi(x) ∈ RK [x], then
E(z,g) = q−nm
∑
x∈(RK/PmK )n
Ψ
([
z, g(x)
])
.
Thus E(z,g) is a multiparametric Gaussian sum.
Denote by Jg(x) the Jacobian matrix of g, and by Cg(K) its critical locus, i.e.,
Cg(K) =
{
x ∈ Kn ∣∣ rankK Jg(x) < min{l, n}}.
2.2. The non-archimedean principle of the stationary phase
The principle of the stationary phase has been used extensively in the estimation of exponen-
tial sums (see, e.g., [4–9,13,15], and references therein). We did not find an appropriate reference
for the principle of the stationary phase for p-adic polynomial mappings that we use in our esti-
mations, for this reason we included its proof here.
Lemma 2.1. Let g(x) = (g1(x), . . . , gl(x)) :RnK → RlK , l  n, be a non-constant polynomial
mapping such that each gi(x) has coefficients in RK . If Cg(K) ∩ RnK = ∅, then there exists an
integer constant i(g) := i(g,RnK) such that E(z,g) = 0, for ‖z‖K > qi(g). In particular,
E(z,g) =O(‖z‖−γK )
as ‖z‖K → ∞, for any non-negative real number γ .
Proof. Let ξ ∈ RnK be a point such that ξ /∈ Cg(K). Define
L(g, ξ) = min
M
{
v
(M(ξ))},
whereM runs over the minors of size l of the Jacobian matrix Jg(ξ) of g at ξ , and
L
(
g,RnK
)= sup
ξ∈Rn
L(g, ξ).K
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be accomplished by induction on k = L(g,RnK).
Suppose that k = L(g,RnK) = 0. Fix a set R of representatives of Fnq in RnK . If ξ ∈R, then
ξ denotes the corresponding element in Fnq . By decomposing RnK into equivalence classes mod-
ulo (PK)n,
E(z,g) =
∑
ξ∈R
q−n
∫
RnK
Ψ
(
l∑
i=1
zigi(ξ + πx)
)
|dx|.
Thus, it is sufficient to show that
∫
RnK
Ψ
(
l∑
i=1
zigi(ξ + πx)
)
|dx| = 0, (2.1)
for ‖z‖K > q . Define y = (y1, . . . , yn) = φ(x) as follows:
yi =
{
gi (ξ+πx)−gi (ξ)
π
, i = 1, . . . , l,
xi, i = l + 1, . . . , n.
The condition L(g,RnK) = 0 implies, after an eventual renaming of the gi , that the determinant
∂(y1,...,yn)
∂(x1,...,xn)
of the Jacobian matrix Jφ(x) satisfies
∂(y1, . . . , yn)
∂(x1, . . . , xn)
(0) ≡ det
([
∂gi
∂xj
(ξ)
]
1il
1jl
)
mod π = 0. (2.2)
From (2.2), by using the non-archimedean implicit function theorem (cf. [6, Lemma 7.4.3]),
follows that y = φ(x) is a measure preserving mapping from RnK to RnK . By using y = φ(x) as a
change of variables in (2.1),
∫
RnK
Ψ
(
l∑
i=1
zigi(ξ + πx)
)
|dx| = Ψ
(
l∑
i=1
zigi(ξ)
)
n∏
i=1
∫
RK
Ψ (πziyi)|dyi |. (2.3)
The result follows from (2.3) by using that ∫
RK
Ψ (πziyi)|dyi | = 0, if |zi |K > q .
Assume, as induction hypothesis, that the lemma is valid for all the polynomial mappings
satisfying 0 L(g,RnK) k, k  1.
Take a polynomial mapping g satisfying the conditions of the lemma and L(g,RnK) = k + 1.
For ξ ∈R, define
g˜i,ξ (x) := π−ei (ξ)
(
gi(ξ + πx) − gi(ξ)
)
, i = 1, . . . , l,
where ei(ξ) is the minimum order of π in the coefficients of gi(ξ + πx)− gi(ξ), and
g˜ξ (x) :=
(
g˜1,ξ (x), . . . , g˜l,ξ (x)
)
.
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of type q−nΨ ([z, g(ξ)])E((πe1(ξ)z1, . . . , πel(ξ)zl), g˜ξ ), where ξ ∈ RnK ∩R. In order to prove the
lemma from the induction hypothesis it is sufficient to prove:
Claim 1. L(g˜ξ ,RnK) k.
Indeed, from the claim and the induction hypothesis follow that
q−nΨ
([
z, g(ξ)
])
E
((
πe1(ξ)z1, . . . , π
el(ξ)zl
)
, g˜ξ
)= 0 (2.4)
for ‖(πe1(ξ)z1, . . . , πel(ξ)zl)‖K > qi(g˜ξ ,RnK). Then (2.4) holds if
‖z‖K > qi(g˜ξ ,RnK)+maxi {ei (ξ)},
and a fortiori
E(z,g) = 0, for ‖z‖K > qmaxξ∈RnK∩R{i(g˜ξ ,R
n
K)+maxi {ei (ξ)}}.
Now we prove Claim 1. Fix a minor M(ξ ′) of the Jacobian matrix of g at ξ ′ such that
v(M(ξ ′)) = k + 1. Write ξ ′ = ξ + πx, ξ ∈ R, x ∈ RnK . Without loss of generality, we may
assume that
M(ξ ′) = (±1)det
([
∂gi
∂xj
(ξ ′)
]
1il
1jl
)
.
Then
rankFq
([
∂gi
∂xj
(ξ ′ )
]
1il
1jl
)
< l.
By taking an invertible linear transformation Ω :RnK → RnK with entries in RK we may assume
that
∂g1
∂xj
(ξ) = πa1,j , for j = 1, . . . , n.
From the Taylor expansion of g1(ξ + πx) follows that
∂g1
∂xj
(ξ + πx) = πe1(ξ)−1g˜1,ξ (x), with e1(ξ) 2,
and
L
(
g,RnK
)= k + 1 = v(M(ξ ′))= v(det([ ∂gi
∂xj
(ξ + πx)
]
1il
1jl
))

(
e1(ξ)− 1
)+ v(det([∂g˜i,ξ
∂xj
(x)
]
1il
))
.1jl
W.A. Zuniga-Galindo / Finite Fields and Their Applications 13 (2007) 936–945 941Therefore
L
(
g˜ξ ,R
n
K
)= sup
x∈RnK
v
(
det
([
∂g˜i,ξ
∂xj
(x)
]
1il
1jl
))
 k. 
Theorem 2.2. Let g(x) = (g1(x), . . . , gl(x)) :A(⊂ Kn) → Kl , l  n, be a non-constant polyno-
mial mapping defined on a compact set A such that Cg(K)∩A = ∅. Then there exists an integer
constant i(g,A) such that EA(z, g) = 0, for ‖z‖K > qi(g,A). In particular,
EA(z, g) =O
(‖z‖−γK )
as ‖z‖K → ∞, for any non-negative real number γ .
Proof. By taking a covering of the form
⋃
i (yi + (πmiRK)n) for A, EA(z, g) can be expressed
as linear combination of integrals of the form E(z,gi) with gi(x) = (gi,1(x), . . . , gi,l(x)) a poly-
nomial mapping. After changing z by zπβ , we may suppose that all the gi,j (x) have coefficients
in RK . The result follows by applying Lemma 2.1 to all the E(zπβ,gi). 
The technique used in the proof of Lemma 2.1, Néron p-desingularization, has been used by
author in the study of the poles of the Igusa local zeta function [16–18].
3. Exponential sums and non-degenerate quasi-homogeneous polynomial mappings
Definition 3.1. Let g(x) = (g1(x), . . . , gl(x)) :Kn → Kl , l  n, be a non-constant polynomial
mapping such that g(0) = 0. The mapping g is called non-degenerate quasi-homogeneous with
respect to α = (α1, . . . , αn) ∈ (N \ {0})n, if it satisfies the following two conditions:
(1) for each i = 1, . . . , l, there exists di ∈ N such that
gi
(
λα1x1, . . . , λ
αnxn
)= λdi gi(x),
for every λ ∈ K ;
(2) Cg(K) = {0} ⊆ Kn.
We define the degree dg of g as
dg = max
1il
{di}.
Given α = (γ1, . . . , γn) ∈ Nn, define σ(γ ) = γ1 + · · · + γn.
Example 3.2. Let K be a non-archimedean local field of characteristic p = 2, and let f (x, y, z) =
(x2 + yz, xy + z2). Then f is a non-degenerate quasi-homogeneous mapping of degree 2 with
respect to α = (1,1).
Example 3.3. Let K be a non-archimedean local field of characteristic p. Let f (x, y, z) =
(xy, xa + πya) with a > 1, and p  a. Then f is a non-degenerate quasi-homogeneous map-
ping of degree a with respect to α = (1,1).
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(x5 + πxy8, y). Then f is a non-degenerate quasi-homogeneous mapping of degree 10 with
respect to α = (2,1).
Proposition 3.5. Let g(x) = (g1(x), . . . , gl(x)) :Kn → Kl be a non-degenerate quasi-homoge-
neous mapping of degree dg with respect to α = (α1, . . . , αn) ∈ (N \ {0})n. Then
E(z,g) =O(‖z‖− σ(α)dgK )
as ‖z‖K → ∞.
Proof. Without loss of generality we may assume that gi(x) ∈ RK [x] \ PK [x], i = 1, . . . , l.
Define
A = {(x1, . . . , xn) ∈ RnK ∣∣ v(xi) αi, i = 1, . . . , n},
Ac = RnK \A.
With this notation,
E(z,g) = EA(z, g) +EAc(z, g). (3.1)
By changing variables in EA(z, g) as
xi = παi yi, i = 1, . . . , n,
|dx| = q−σ(α)|dy|,
E(z, g) can be rewritten as
E(z,g) = q−σ(α)
∫
RnK
Ψ
(
l∑
i=1
πdi zigi(y)
)
|dy| +EAc(z, g). (3.2)
Define z(m) = (πmd1z1, . . . , πmdnzn). Then by iterating (3.2) we obtain the following expansion
E(z,g) =
∞∑
m=0
q−mσ(α)EAc
(
z(m), g
)
. (3.3)
This series converges absolutely and uniformly on Kn. Since Ac is compact and Cg(K)∩Ac = ∅,
Theorem 2.2 implies that
∣∣EAc(z(m), g)∣∣ Cγ ∥∥z(m)∥∥−γ , (3.4)K
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follow that
∣∣E(z,g)∣∣ Cγ ∞∑
m=0
q−mσ(α)
∥∥z(m)∥∥−γ
K
. (3.5)
Define
m0 = min
{
m ∈ N \ {0}
∣∣∣m max
1il
{−v(zi)
di
}}
.
Then ‖z(m)‖K  1, for mm0. By using this fact and∥∥z(m)∥∥−γ
K

∣∣πmdg ∣∣−γ
K
‖z‖−γK ,
(3.5) can be rewritten as
∣∣E(z,g)∣∣ Cγ
{
m0−1∑
m=0
q−mσ(α)
∥∥z(m)∥∥−γ
K
+ q
−m0σ(α)
1 − q−σ(α)
}
 Cγ
{
‖z‖−γK
(
1 − qm0(−σ(α)+γ dg)
1 − q(−σ(α)+γ dg)
)
+ q
−m0σ(α)
1 − q−σ(α)
}
 Cγ
{
‖z‖−γK
(
1 − qm0(−σ(α)+γ dg)
1 − q(−σ(α)+γ dg)
)
+ ‖z‖
− σ(α)
dg
K
1 − q−σ(α)
}
.
Let  be a small fixed positive constant. Set γ = σ(α)
dg
+ . Then, since
lim
→0+
1 − qm0dg
1 − qdg = m0  1,
‖z‖−γK
(
1 − qm0(−σ(α)+γ dg)
1 − q(−σ(α)+γ dg)
)
 C0‖z‖
− σ(α)
dg
−
K logq ‖z‖K,
where C0 is a positive constant depending on , γ , and g. By using these observations and the
previous estimation for |E(z,g)| we have
∣∣E(z,g)∣∣ Cγ{C0‖z‖− σ(α)dg −K logq ‖z‖K + ‖z‖
− σ(α)
dg
K
1 − q−σ(α)
}
 Cγ ‖z‖
− σ(α)
dg
K
{
C0‖z‖−K logq ‖z‖K +
1
1 − q−σ(α)
}
 C‖z‖−
σ(α)
dg
K , for ‖z‖K → ∞. 
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a non-degenerate quasi-homogeneous mapping of degree dg with respect to α = (α1, . . . , αn) ∈
(N \ {0})n. Then
EA(z, g) =O
(‖z‖− σ(α)dgK ),
as ‖z‖K → ∞.
Proof. The result follows from Proposition 3.5 and Theorem 2.2, by passing to a finite open
covering of A as it was done in the proof of Theorem 2.2. 
Remark 3.7. If f (x) is a non-degenerate quasi-homogeneous polynomial of degree d with re-
spect α = (α1, . . . , αn), then
EA(z,f ) =O
(‖z‖− σ(α)dK ) (3.6)
as ‖z‖K → ∞ (see, e.g., [15, Theorem 3]). This result follows from Igusa’s method [6,7], by
computing explicitly the poles of twisted local zeta function ZA(s, f,χ), see, e.g., [17,18]. Our
Theorem 3.6 is a generalization of estimation (3.6) to the case l  1.
Remark 3.8. Let f = (f1, . . . , fl) :Qnp → Qlp be a polynomial mapping satisfying
∑
i aifi +
a0 = 0 implies ai = 0 for ai ∈ Qp and i = 0, . . . , n. Let dj (fi) be the degree of fi with respect to
the variable xj for j = 1, . . . , n, and let d(f ) be maxi,j (dj (fi)). With this hypothesis Cluckers
proves that
E(z,f ) =O((logp ‖z‖p)n−1‖z‖− 1d(f )p ) (3.7)
as ‖z‖p → ∞ [3, Theorem 6.1]. By considering the polynomial mappings in Examples 3.3
and 3.4 one verifies that the estimation presented in this paper for E(z,f ) is sharper than es-
timation (3.7).
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